A hybrid immersed boundary-lattice Boltzmann and finite difference method for fluid-structure interaction and heat transfer in non-Newtonian flow is presented. The present numerical method includes four parts: fluid solver, heat transfer solver, structural solver, and immersed boundary method for fluid-structure interaction and heat transfer. Specifically, the multi-relaxation time lattice Boltzmann method is adopted for the dynamics of non-Newtonian flow, with a geometry-adaptive technique to enhance the computational efficiency and immersed boundary method to achieve no-slip boundary conditions. The heat transfer equation is spatially discretized by a second-order up-wind scheme for the convection term, a central difference scheme for the diffusion term, and a second-order difference scheme for the temporal term. The structural dynamics is numerically solved using a finite difference method. The major contribution of this work is the integration of spatial adaptivity, thermal finite difference method, and fluid flow immersed boundary-lattice Boltzmann method. Several benchmark problems including the developing flow of non-Newtonian fluid in a channel, non-Newtonian fluid flow and heat transfer around a stationary cylinder and flow around a stationary cylinder with a detached filament are used to validate the present method and developed solver. The good agreements achieved by the present method with the published data show that the present extension is an efficient way for fluid-structure interaction and heat transfer involving non-Newtonian fluid. The heat transfer around an oscillating cylinder in non-Newtonian fluid flow at Reynolds number of 100 is also numerically studied using the present solver, considering the effects of the oscillating frequency and amplitude. The results may be used to expand the currently limited database of fluid-structure interaction and heat transfer benchmark studies.
Introduction
Experiments are expensive and challenging with increasing complexity. As an alternative research method, numerical simulations have attracted much attention in the past twenty years [1] . As an alternative method of computational fluid dynamics (CFD), the lattice Boltzmann method (LBM) has received remarkable attention since its origin [2, 3] . After the proposal of the Bhatnagar-Gross-Krook (BGK) collision operator, the efficiency and flexibility of the LBM have been enhanced significantly. Consequently, the BGK-based LBM has been successfully applied to various fluid dynamics problems, such as multiphase flow [4] [5] [6] [7] , complex flow in porous media [8] , and non-Newtonian flow [9, 10] . To address the numerical instability in single-relaxation-time LBM due to low viscosity, entropic [11, 12] , two-relaxation-time (TRT), and multi-relaxation-time (MRT) LBM methods have been developed [4] .
Fluid Solver
In the MRT-based IB-LBM, the evolution equation of the velocity distribution function g i along the i-th direction at position x with BGK approximation is expressed as [35] g i (x + e i ∆t, t + ∆t) = g i (x, t) − Ω i (x, t) + ∆tG i , i = 0, 1, ..., 8 (
where ∆t is the time step. The collision operator Ω i and G i , which represent the body force effects on the distribution function, are defined as
where M is a 9 × 9 transform matrix for the D2Q9 model (two dimensional with 9 directions) used here, and S is a non-negative diagonal matrix related to the fluid viscosity. The details for the determination of S can be found in [36] . The lattice speed e i is defined as 
where ∆x is the lattice spacing. Then, the macro density and momentum are given as follows,
The local equilibrium distribution function g eq i and the force term G i are calculated by
where the weights ω i are given by ω 0 = 4/9, ω i = 1/9 for i = 1, 2, 3, 4, and ω i = 1/36 for i = 5, 6, 7, 8. The sound speed c s = ∆x/( √ 3∆t), and f is the force acting on the fluid. The relaxation time is related to the kinematic viscosity ν in the Navier-Stokes equations in terms of ν = (τ − 0.5)c 2 s ∆t. The rheological equation of state for power-law non-Newtonian fluid considered in this paper is defined by [27] 
where m is the power-law consistency index, n is the power-law fluid behaviour index, and I 2 is the second invariant of the rate of strain tensor. Additionally, the multi-block technique developed by Yu et al. [14] is combined with the geometry-adaptive method to enhance the computational efficiency.
Heat Transfer Solver
The governing equation for the heat transfer in the fluid is given as [37] 
where T is the temperature, c p and κ are the specific heat and thermal conductivity coefficient of the fluid, respectively. q is the source term.
The second-order upwind scheme is used to discretize the convection term in Equation (9) explicitly, expressed as
A second-order internal central difference scheme is adopted for the spatial discretization on the boundaries. The subscripts indicate the position.
The diffusion term in Equation (9) is discretized using a second-order explicit scheme, expressed as
and the internal difference scheme is also used for the boundary nodes. All the discretizations of T in the y direction is similar to that in the x direction. In addition, a second-order explicit scheme is used for the temporal discretization. Therefore, the heat transfer solver has a second-order accuracy spatially and temporally, which is consistent with the accuracy of the LBM. The heat transfer equation is also solved on the geometry-adaptive Cartesian mesh that used for the fluid dynamics.
Structural Solver
The geometrically nonlinear motion for the filament considered here is governed by [38] [39] [40] [41] [42] [43] 
where m s is the linear density of the filament, s is the Lagrangian coordinate along the length, K s is the stretching coefficient, T(s) is the tensile stress defined by T(s) = K s (| ∂X ∂s | − 1), X is the position vector of a point on the filament, K b is the bending rigidity, and F f is the hydrodynamic stress exerted by the fluid.
The filament is discretized by N f initially equally spaced nodal points, and the position of the m-th node at time level n is denoted by X n m . The tensile force at the m-th node is calculated by a finite-difference scheme expressed as
where ∆s is the grid spacing, the tension T and tangent vector, ψ = ∂X/∂s, at the segment center, m + 1/2, are both computed using a second-order central difference scheme. The bending force are computed using a finite difference scheme expressed as
where δ k,l is a Kronecker symbol, defined by δ k,l = 0 when k = l and by δ k,l = 1 when k = l. The details of the schemes can be found in [44] .
The IB Method for Fluid-Structure Interaction and Heat Transfer
The pIB method developed by Kim and Peskin [45] is used to handle the no-slip boundaries between the rigid body and the fluid. The interaction force between the fluid and the structure can be determined by the feedback law [45, 46] :
where U ib is the boundary velocity obtained by interpolation at the IB, U is the structure velocity, and α and β are large positive free constants. The force acting on the Lagrange structure from the ambient fluid can be taken as a concentrated force acting on the corresponding nodes; thus, it can be added to the body force f in Equation (7). Compared to the sharp-interface method [47] [48] [49] [50] , the pIB method is particularly suitable here, since in this approach all the grid points within the computational domain are treated with a unified equation.
The transformation between the Euler and Lagrange variables can be realized by the Dirac delta function. The interpolation of velocity and the spreading of the Lagrange force to the adjacent grid points are expressed as
where u is the fluid velocity, X is the coordinates of structural nodes, x is the coordinates of fluid, s is the arc coordinate, and V is the fluid domain, and Γ is the structure domain.
The position of the filament is updated explicitly by
where U ib is calculated using (17) . The internal force density of the filament can be calculated using (14) and (15). The details of the computation of the inertial force defined in (13) can be found in [17] . The F f can then be calculated by Equation (13) . The force F acting on the fluid in Equation (18) is the reaction force of F f defined in Equation (13) . Equation (18) is used to distribute the force to the ambient fluid. The smooth function δ h is used to approximate the Dirac delta function
In this paper, the four-point delta function introduced by Peskin [51] is used
The heat transferred from the immersed boundary to the fluid can be written as [52] 
where Q is the virtual boundary heat flux. When the temperature boundary is used, then Q can be calculated using the penalty immersed-boundary method, expressed as
where α T is a large factor, T 0 is the boundary condition on the immersed boundary, and T ib is the temperature of the virtual boundary, interpolated by
Validations

The Developing Flow of Non-Newtonian Power-Law Fluid in a Channel
The developing flow through a confined channel has been extensively used as a benchmark validation for non-Newtonian fluid. In this section, the two-dimensional steady laminar developing flow is considered to validate the in-house code. In the numerical simulation, the flow of power-law fluid develops with a uniform inlet velocity (U 0 ) through a rectangular channel of h in height and L in length, as shown in Figure 1 . The macro density and velocities on the boundaries are set as u = (U 0 , 0) at x = 0, u = (0, 0) at y = 0 and h for the channel wall, and ρ = ρ 0 at x = L. The non-equilibrium extrapolation presented by Guo et al. [53] is adopted to calculate the velocity distribution functions on the boundaries. The numerical simulation is performed in a computational domain with the size of 15h × 1h and the uniform mesh size is h/50. The dimensionless time step ∆t * = ∆tU 0 /h = 0.001. The Reynolds number (Re) that controls this problem is defined as Re = ρ 0 h n U 2−n 0 /m. The Reynolds number of 10 is used in the current steady simulation, and five power-law indexes n ranging from 0.3 to 1.5 (including shear-thinning n < 1, shear-thickening n > 1, and Newtonian fluid n = 1) are considered. The analytical solution of the velocity profiles of the fully developed flow can be expressed as [27] 
The fully developed velocity profiles from present numerical simulations and that predicted by Equation (25) are presented in Figure 2 . According to the comparisons in Figure 2 , excellent agreements (discrepancies < 2%) are achieved by the present numerical method. The velocity peaks presented in Table 1 also show the good accuracy of the current method. 
Non-Newtonian Power-Law Fluid Flow and Heat Transfer around a Stationary Cylinder
Non-Newtonian power-law fluid flow and heat transfer from a stationary cylinder is considered to validate the accuracy of the present numerical method in handling FSI and heat transfer. The two-dimensional power-law fluid inlets with a uniform flow U 0 over a stationary circular cylinder (of diameter D), with the computational domain extending from (−15D, −5D) to (25D, 5D), as shown in Figure 3 . In order to improve the computational efficiency and validate the geometry-adaptive technique utilized in present in-house code, four blocks are used in the simulations, as shown in Figure 4 , and the most refined mesh size of the fluid domain is D/80. The dimensionless time step ∆t * = ∆tU 0 /D = 6.25 × 10 −4 .
The non-dimensional parameters that control this problem include the Reynolds number (Re) and the Prandtl number (Pr), which are defined as
The drag coefficient, lift coefficient, and Strouhal number are defined as
where T is the vortex shedding period, and F x and F y are the horizontal and vertical components of F acting on the cylinder calculated by Equation (16) . Firstly, we consider the unsteady flow of non-Newtonian power-law flow over a cylinder at Re = 100 (at which the flow patterns show von-Kármán periodic vortex shedding behind the cylinder) to validate the geometry-adaptive fluid solver in terms of handling FSI problem. In order to achieve the early von-Kármán vortex shedding, a vertical velocity perturbation is introduced into the initial inlet boundary. Four different indexes n = 0.6, 1.0, 1.4, and 1.8 are calculated. Table 2 shows the present results of St, C D,m (mean drag coefficient) and C L as well as results from the literature. It shows that the present results agree well with these other values. A snapshot of the vortex contour for Re = 100 and n = 1.4 after periodic shedding are presented in Figure 5 . [27] 0.155 1.657 0.356 Figure 5 . A snapshot of the vortex field for Re = 100 and n = 1.8.
After the validation of the fluid solver in computing FSI problems involving non-Newtonian flow, we further consider the steady flow and heat transfer around a cylinder. The average Nusselt number (Nu) used for quantitative comparison with the available data from the literature are defined as
where Nu(θ) is the local Nusselt number on the surface of the cylinder, it can be evaluated using the temperature field according to
where n s is the unit vector normal to the surface of the cylinder. The average Nusselt number from the current computation along with the available data from the literature of two Reynolds number (Re = 10 and 40) and three indexes (n = 0.8, 1.0, and 1.4) are presented in Table 3 . It is found that the present results are in good agreement with other published data. With the increase of n from 0.8 to 1.4, the average Nusselt number decreases slightly at both Reynolds numbers. Comparisons between the Reynolds numbers of 10 and 40 show that the average Nusselt number changes more remarkably with larger Reynolds numbers. It is because of the enhancement of the heat convection effects under the larger Reynolds number. The snapshots of the temperature field from current simulations are presented in Figure 6 . As is readily seen from Figure 6 , the length of the vortex attached behind the cylinder stretches significantly with n increasing from 0.8 to 1.4, which also qualitatively agrees with the analysis in [54] . Table 3 . Averaged Nusselt number (Nu) for forced convection heat transfer from a stationary cylinder to power-law fluids at Pr = 1.0.
Re
Sources n = 0.8 n = 1.0 n = 1.4 
Heat Transfer around a Stationary Cylinder with a Detached Filament
A stationary cylinder with a detached flexible filament is considered in this section, as shown in Figure 7 , where D is the diameter of the fixed cylinder, L is the length of the filament, and l is the distance from the origin of the cylinder to the fixed end of the filament. This model has been extensively used to study fish behaviors in a street wake [17, [59] [60] [61] . Simulations are performed at l/D = 3.0, m s = 0, and Re = 100. The non-dimensional stretching coefficient defined by K * s = K s /(ρU 2 ) is 1000 (the filament is approximately inextensible), and the non-dimensional bending rigidity defined by Table 4 . The good agreements of the drag coefficient, Strouhal number, and flapping amplitude between the present results and the data from [17, 60] show the excellent accuracy of the present solver. The longer filament generates a larger flapping amplitude, but the filament length does not significantly affect other fluid and temperature characteristics, as shown in Table 4 . The results from non-Newtonian fluid flow show that the shear-thickening fluid generates larger drag comparing with shear-thinning fluid, but Nu presents an opposite tendency, as analysed in Section 3.2. Additionally, the current results show that the power index does not have significant influence on the flapping amplitude. The instantaneous vortex and temperature contours are presented in Figure 8 . The non-Newtonian results presented here can be used to extend the limited database involving FSI. 
Heat Transfer around an Oscillating Cylinder in Non-Newtonian Fluid Flow
Physical Problem
In this section, the heat transfer around an oscillating cylinder in non-Newtonian fluid flow is considered, which can be taken as validations for heat transfer involving moving boundaries in the future. In this problem, the center of the cylinder undergoes a translational motion governed by
where H 0 and f are the oscillating amplitude and frequency, respectively. The non-dimensional parameters governing this problem including oscillating frequency and amplitude can be written as
The Reynolds number and Prantdl number are defined as those in Equation (26) . In the current simulation, the influences of the oscillating amplitude, frequency, and power index are considered.
Effects of the Oscillating Amplitude
In the current simulations, the cylinder oscillates in the frequency of the vortex shedding, so the value of the non-dimensional oscillating frequency ( f * ) is 1.0. The Reynolds number and the Prantdl number defined in Equation (26) are 100 and 1.0, respectively. Three indexes (n = 0.6, 1.0, and 1.4) are numerically computed to include shear-thinning, Newtonian, and shear-thickening fluid. The Strouhal numbers defined in Equation (27) for these cases have already been given in Table 2 above. Three non-dimensional oscillating amplitudes (H * ) 0.25, 0.5, and 1.0 are considered to identify the effects of the amplitude. The time-averaged Nusselt numbers and their amplitudes (∆Nu) from the present computations are presented in Table 5 , where the amplitudes for H 0 = 0.25 are negligible (less than 1.0%) and thus not presented. The results show that the time-averaged Nusselt number is much higher in the shear-thinning (n < 1.0) fluid than in the shear-thickening (n > 1.0) fluid, which agrees with that in the previous steady cases. It also shows that the increasing oscillating amplitude enhances the heat convection effects, and the oscillation of the averaged Nusselt number tends to be more remarkable with increasing H 0 . Figure 9 presents time histories of the averaged Nusselt numbers for H = 1.0 in two periods. The averaged Nusselt number has a frequency of 2 f . The snapshots of the temperature fields for n = 0.6 and H 0 = 1.0 in a period are further presented in Figure 10 . 
Effects of the Oscillating Frequency
Here, in order to study the effects of the oscillating frequency on the heat transfer around an oscillating cylinder in a uniform flow, the oscillating amplitude is fixed at H * = 1.0 with Re = 100. Two more oscillating frequencies f * = 0.8 and 1.2 are considered for comparison. The time-averaged Nusselt numbers and amplitudes are presented in Table 6 . The results show that the increasing oscillating frequency of the cylinder enhances the heat convection, resulting in larger averaged Nusselt numbers and amplitudes for both shear-thinning and shear-thickening fluids. However, the enhancement in the shear-thinning fluid is much more significant than that in the shear-thickening fluid. Table 6 . Time-averaged Nusselt number (Nu) and its amplitude (∆Nu) for forced convection heat transfer from an oscillating cylinder to power-law fluids at Re = 100, Pr = 1.0, and H * = 1.0. The instantaneous vorticity and temperature contours for n = 0.6 are presented in Figure 11 . Similar Kármán-street type wake is observed in all cases. It is found that the increasing oscillating frequency of the cylinder tends to increase the vertical distance between the two adjacent vortices. Specifically, the vortices shed at f * = 0.8 are almost in a line (as marked in Figure 11a ) as oscillating frequency increases, and the vortices tend to separate vertically (as marked in Figure 11c ). The temperature contours show that the heat transfer in the fluid exactly follows these vortices. 
Conclusions
In this paper, a hybrid immersed boundary-lattice Boltzmann and finite difference method for fluid-structure interaction and heat transfer in non-Newtonian flow is presented, with the geometry-adaptive Cartesian mesh technique to enhance the computational efficiency. The present numerical method includes four parts: the fluid solver, heat transfer solver, structural solver, and immersed boundary method for fluid-structure interaction and heat transfer. Specifically, the multi-relaxation-time-based LBM is adopted for the computation of non-Newtonian flow, with the geometry-adaptive Cartesian mesh technique to enhance the computational efficiency. The heat transfer equation is spatially discretized by a second-order up-wind scheme for the convection term, a central difference scheme for the diffusion term, and a second-order difference scheme for the temporal term. The structural dynamics is numerically solved using a finite difference method. The no-slip boundary is achieved using an immersed boundary method.
The proposed method and developed solver is validated with standard benchmark problems involving the non-Newtonian fluids flow, i.e., the developing flow of non-Newtonian fluid in a channel, heat transfer around a stationary cylinder and flow around a stationary cylinder with a detached filament. The good agreements achieved by the present method with the published data show that the present extension is an efficient way for fluid-structure interaction and heat transfer involving non-Newtonian fluid.
The heat transfer around an oscillating cylinder in non-Newtonian fluid flow is also numerically studied using the present method, considering the effects of the oscillating frequency and amplitude. The results show that the increasing frequency and amplitude tend to enhance the heat convection, resulting in larger time-averaged Nusselt numbers. The enhancement that occurs in the shear-thinning fluid is much more significant than that in the shear-thickening fluid. The present results may be used to expand the currently limited database of FSI and heat transfer benchmark studies.
